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The electronic properties of a triaxially strained hexagonal graphene flake with either armchair or
zig-zag edges are investigated using molecular dynamics simulations and tight-binding calculations.
We found that: i) the pseudo-magnetic field in the strained graphene flakes is not uniform neither
in the center nor at the edge of zig-zag terminated flakes, ii) the pseudo-magnetic field is almost
zero in the center of armchair terminated flakes but increases dramatically near the edges, iii) the
pseudo-magnetic field increases linearly with strain, for strains lower than 15% while growing non-
linearly beyond this threshold, iv) the local density of states in the center of the zig-zag hexagon
exhibits pseudo-Landau levels with broken sub-lattice symmetry in the zero’th pseudo-Landau level,
and in addition there is a shift in the Dirac cone due to strain induced scalar potentials. This study
provides a realistic model of the electronic properties of inhomogeneously strained graphene where
the relaxation of the atomic positions is correctly included together with strain induced modifications
of the hopping terms up to next-nearest neighbors.
I. INTRODUCTION
Strain engineering can be used to control the electronic
properties of nanomaterials. This is of interest for fun-
damental physics, but is also relevant for potential de-
vice applications in nanoelectronics. Because the elec-
tronic and mechanical properties of an atomic monolayer
of graphene are strongly influenced by strain they have
attracted considerable attention over the last years1–11.
Uniaxial strain was found to shift or even merge the Dirac
cones2,12,13, however, neither uniaxial nor isotropic strain
produces a pseudomagnetic field. Such fields can be pro-
duced only by inhomogeneous strain which, when applied
to graphene, alters the hopping terms between nearest
neighbors such that the additional contribution can be
seen as a pseudo-magnetic field with opposite sign in the
two Dirac cones, preserving therefore the time-reversal
symmetry4,6,8,9,14. The strain induced modifications of
the electronic properties were subsequently confirmed
by STM measurements of highly strained nanobubbles
that form when graphene is grown on a Pt (111) surface
through the observation of Landau levels. These were
shown to correspond to strain-induced pseudo-magnetic
fields larger than 300 T7. Therefore, the study of non-
uniform strain distributions at the atomic scale is a
promising road for strain engineering purposes15, e.g.,
the possibility to generate a band gap. In the pioneer-
ing work by Guinea et al.6 triaxial strain applied to an
hexagonal flake of graphene was shown to induce an en-
ergy gap. This is a direct consequence of generating a
constant pseudo-magnetic field profile at the center of
the flake while being variable only at the corners. Recent
theoretical studies improved several aspects of the initial
theory9,14,16–18. Most of these works concern the strain
induced modifications of the continuum low energy Dirac
Hamiltonian which become more complicated as addi-
tional orders in strain and momentum are included14.
One such important correction is the spatial and strain
dependent Fermi velocity14,17. This shows that in addi-
tion to the pure gauge field given by the first order in
strain, additional momentum dependent terms appear.
It is also interesting to note that applying the triaxial
stress on boron-nitride sheet decreases energy gap and
localizes the frontier orbital in the center of hexagonal
boron-nitride sheet19.
By using an atomistic model, we choose both to ex-
press the gauge fields in terms of their full tight-binding
expression14 and to describe the electronic properties di-
rectly from the tight-binding Hamiltonian with inhomo-
geneous hopping parameters calculated for the deformed
graphene flake.
Furthermore, flakes of graphene can be useful for quan-
tum dot applications. There are several studies which
address the latter in terms of the energy spectrum of (un-
strained) graphene flakes with different sizes and different
edge structures20, within both the continuum model and
the tight binding discrete model for the Dirac equation21.
Recently it was demonstrated experimentally that by
straining locally suspended graphene with an STM tip, it
is possible to create such quantum dots11. Recently the
resonant tunneling in graphene quantum dot was studied
by Z. Qi et al using triaxially stressed graphene flake22.
In this study we analyze the effect of triaxial strain on
the electronic properties of graphene by using an atom-
istic model which fully takes into account the relaxation
of the graphene lattice using bond order interatomic po-
tential. Based on our simulations and using tight-binding
theory we show that several of the predictions of Ref. [6]
should be modified resulting in new physical effects.
We found that the vector potential in a hexagonal flake
of graphene under triaxial strain behaves differently for
zig-zag or armchair terminated edges and the correspond-
ing induced pseudo-magnetic field is spatially inhomoge-
neous in both cases. We also show that an energy gap
appears in the zig-zag hexagon upon applying triaxial
strain. This is due to the appearance of pseudo-Landau
levels, which form when the pseudo-magnetic field is large
enough such that the magnetic length is smaller than
the flake size. For hexagons with armchair edges we find
that pseudo-Landau levels are absent, due to the small
2induced pseudo-magnetic field in the center, and that the
local density of states is enhanced mainly at the edge of
the sample.
The paper is organized as follows. In Sec. II we review
the theory of elasticity for triaxial strained graphene. In
Sec. III we present our molecular dynamics simulation
method for applying triaxial strain on a hexagonal flake.
In Sec. IV, the tight binding model used for calculating
the pseudo vector potential and pseudo magnetic field is
introduced. Section V includes the main results of our
work, i.e. lattice deformation obtained from molecular
dynamics simulation, vector potential and pseudo mag-
netic field and local density of states for both zig-zag and
armchair flakes.
II. ELASTICITY THEORY FOR TRIAXIAL
STRESS
Figure 1(a) shows a hexagonal graphene flake having
armchair edges with side size d0. The blue arrows in-
dicate the triaxial stress directions which are along the
three equivalent crystallographic directions. In Fig. 1(b)
the edge structure is shown. In polar coordinates (r, θ)
the applied triaxial stress results in a displacement vec-
tor ~U = (Ur, Uθ) = C r
2(sin(3θ), cos(3θ)), where C is a
constant determining the strength of the applied stress
which has the dimension of inverse length6,9. The dis-
placement can be written in Cartesian coordinates as
~U = C(2x y, x2 − y2). (1)
On the other hand linear elasticity theory for an
isotropic material leads to the stress-strain relation σjk =
λ δjk ujj + 2µujk, where λ and µ are the Lame´ param-
eters that determine the stiffness of a material and ujk
are elements of the strain tensor. If we substitute ~U in
Eq. (1) the components of the stress tensor in cartesian
coordinates can be found as
σ(x, y) = 4µC
(
y x
x −y
)
, (2)
where the x axis is taken along the zig-zag direction and
the y axis along the armchair direction. Here both zig-
zag and armchair hexagonal graphene flakes are studied
separately. Notice that the three stressed edges (and also
the free edges) should have only one type of edge: zig-zag
or armchair. The zig-zag hexagonal flake is not shown in
Fig. 1. In the following we present the methodology and
compare our atomistic simulation results with those pre-
dicted by the above simple continuum elasticity theory.
III. MOLECULAR DYNAMICS SIMULATION
WITH TRIAXIAL STRAIN
We apply triaxial stress on the edges of an hexagonal
flake of graphene as indicated in Fig. 1. Two different
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FIG. 1. (Color online) (a) Hexagonal un-strained flake of
graphene with armchair edges. The arrows in (a) indicate the
triaxial strain directions. (b) The zoomed part of one of the
edges.
samples with armchair and zig-zag edges are considered
and consist of 40234 and 40016 carbon atoms, respec-
tively with optimized initial side i.e. d0 = 17.3nm. When
applying stress, all atoms in the three none-alternative
edges experience external constant force during each
molecular dynamics simulation (MD) which causes them
to move along the direction of the arrows shown in
Fig. 1(a). The system reaches its equilibrium size un-
der the applied force, resulting in different strains for
different forces. In our MD simulations we have used the
AIREBO potentials23 which is in particular suitable for
simulating hydrocarbons. The stretching process is done
at low temperature (namely T=10K). After reaching the
desired strain (i.e. we study strains up to the break-
ing point) we performed energy minimization to find the
minimum energy configuration using the conjugate gra-
dient method under the constant force condition. We
notice that there is no out-of-plane deformation in the
final minimized samples. We consider a measure of the
strain determined by ǫ = (d − d0)/d0 where d is the dis-
tance between the center of the hexagonal flake and one
of the edges under stress. The final strained samples are
no longer perfect hexagons (see Fig. 2).
The applied stress changes the reciprocal lattice as
well as the real space lattice. Using the two dimensional
Fourier transformation of the final strained samples the
change in the reciprocal lattice (Brillouin zone) is ob-
tained. Figures 2(a,b,c) show the diffraction pattern of
the original un-strained, strained zig-zag and armchair
flakes, respectively where ǫ = 13%. Notice that the orig-
inal K and K′ valleys are altered differently due to the
in-plane triaxial strain. The variation in the diffraction
pattern is different from that of corrugated suspended
graphene due to intrinsic thermal ripples24. It is expected
that such new patterns can be realized in experiment.
The direct lattice and the reciprocal lattice deformations
alter the hexagonal shape of the original Brillouin zone
and will change the vector potentials16.
3FIG. 2. (Color online) Diffraction pattern for (a) un-deformed
hexagonal flake (b) zig-zag (c) and armchair hexagonal flakes
under triaxial stress.
IV. TIGHT BINDING MODEL FOR THE
GAUGE FIELD
The electronic properties of graphene are described
by a tight-binding Hamiltonian for the π carbon or-
bitals. We employ the Hamiltonian that describes the
low-energy band structure3 ignoring the spin degrees of
freedom which is motivated by the fact that no spin-
flipping terms are present in the Hamiltonian. Strain
is included in the modified hopping amplitudes between
the π orbitals, tπ(rij), according to the empirical relation
tπ(rij) = t0e
−β(|~δij|/a0−1), where β = −3.37, t0 = 2.7eV ,
a0 = 1.42A˚ is the equilibrium inter-carbon distance and
~δij is the vector which connects the two neighboring
atoms in the strained sample; here we consider both
nearest and next-nearest neighbor terms. All neighbor
distances are obtained from the relaxed MD sample.
Since the applied strain is in-plane the effect of misalign-
ment of the π orbitals resulting from the finite curva-
ture is negligible. More details of the used tight-binding
model and the related numerical techniques for perform-
ing large system calculations can be found in our previous
works15,25–27. From a theoretical point of view, external
forces deform graphene so that the nearest neighbor dis-
tances become non-equal and results in modified hopping
parameters, which are now a function of the atomic posi-
tions t(r)3,28. The Fermi surface is displaced in recipro-
cal space (~k → ~k − eh¯ ~A), where ~A is the fictitious vector
potential and ~k refers to the K-point) and consequently
a pseudo-magnetic field ( ~B = 1e vF
~∇× ~A where e is the
unit of charge and vF ∼ 106m/s is the Fermi velocity in
graphene3) appears7. The new term should be added to
the original tight binding Hamiltonian due to the mod-
ification of the hopping parameters which includes the
induced gauge field:
Ax + iAy =
∑
~δab
δtab(~r)e
−i~k.~δab , (3)
where δtab = t − t0 is the difference between the hop-
ping parameters of the deformed and the original lat-
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FIG. 3. (Color online) The displacement vector pattern in
strained (a) zig-zag (b) and arm-chair hexagonal graphene
flakes. The variation of (c) Uy versus x where |y| < 2 A˚ for
zig-zag (circles) and armchair (triangles) hexagonal flakes sub-
jected to an inhomogeneous strain of about ǫ = 13%. In (d)
the two diagonal elements of the stress tensor, i.e. σxx and σyy
are compared to the prediction from elasticity theory (dashed
lines) where |y| < 2 A˚, see the text.
tice. The position of the ~K valley in the original lattice
is ~K = 4π
3 a0
√
3
(1, 0) if the x-axis is taken along the zig-
zag direction. We use Eq. (3) to calculate the pseudo-
magnetic field which includes both changes in the hop-
ping parameters and lattice deformations. As recently
shown in Ref. [29], this is the correct way to extract the
pseudo-magnetic field from atomistic simulations.
Notice that one can use the displacement vectors given
by Eq. (1) for producing a deformed hexagonal flake with-
out molecular dynamics simulation relaxation. The latter
can be used as the input coordinates for calculating the
gauge field and the corresponding pseudo magnetic field.
However we show in the appendix that the resulting Lan-
dau levels and the obtained lattice deformations are not
consistent with those found here after fully relaxation of
the coordinates using the true relaxation mechanism of
the atomistic system.
V. RESULTS
A. Lattice deformation
In Fig. 3 we show the lattice deformation due to the tri-
axial strain (with ǫ = 13%) in zig-zag terminated (a) and
armchair terminated (b) hexagonal flakes, respectively.
The arrows indicate the displacement vector streamlines,
i.e. the vector field ~U . In both cases the field refers to
the triaxially stressed systems. The colors indicate the
direction of the displacement vectors, i.e. red refers to
4upward and blue refers to downward displacements. The
displacement vectors in zig-zag and armchair flakes are
similar but the electronic properties will be rather dif-
ferent. The streamline vectors are perpendicular to the
three stressed edges and are almost parallel to the free
arc-shape edges. The larger the strain the larger the con-
cavity of the edges.
In order to compare our numerical results with those
predicted by Eq. (1), we plot the Uy components of the
resulted displacements from our MD simulations and the
two main components of the stress tensor in panels (c)
and (d) of Fig. 3. In Fig. 3(c) we show the variation of
Uy with x for constant y (i.e. |y| < 2A˚) in the strained
armchair (blue diamonds) and zig-zag (red circles) which
were subjected to the strain ǫ = 13%. There is a clear
deviation from linear behavior (see U in Eq. (1)) which
is very pronounced close to the borders of the sample.
The same behavior is found for Ux but is not shown. In
Fig. 3(d) we show the variation of σyy and σxx with x
for a typical strain (13%). The lines indicate the stress
component from Eq. (2). It is again seen that there
is considerable deviation from the prediction of contin-
uum elasticity theory (Eq. (1)), in particularly beyond
|x| >50A˚ where the zig-zag and armchair profiles devi-
ate from each other; notice that linear elasticity theory
does not distinguish these two different lattice orienta-
tions. The reason for these deviations is the effect of the
free edges on the lattice distortion which results in a com-
plex strain distribution. The latter effect was neglected
in the previous studies6,9. Nevertheless, in most recent
theoretical works the main attention was directed to the
center of the flake which as we see from Figs. 3(c,d), for
the region |x| < 50 A˚, agrees with elasticity theory.
B. Pseudo-magnetic field
Using Eq. (3) we calculated the vector potential for the
obtained lattice deformations from our MD simulations.
It is interesting that the vector potential streamlines ex-
hibit neither constant nor circular orbits. In the zig-zag
flake the vector potential shows orbits having deformed
triangular shape (there is a kind of three fold symmetry,
see Fig. 4(a)) but surprisingly for the armchair flake they
do not exhibit orbits and the vectors follow an hyperbolic
function, Fig. 4(b). Therefore the corresponding pseudo-
magnetic field for the two cases will be very different.
The pseudo-magnetic field profiles as generated by the
strain configurations are shown in Figs. 4(c) and 4(d)
for the zig-zag and armchair flakes, respectively. The
important effect is the variation of the field over the zig-
zag flake, specially around the center of the flake (see
Appendix B). For the armchair flake the induced mag-
netic field is close to zero and varies smoothly in the cen-
tral part, see Fig. 4(d). For better visualization we plot
in Fig. 4(e) the pseudo-magnetic field along the arrows
shown in Figs. 4(c,d). It is interesting to note that the
pseudo-magnetic field in the zig-zag flake exhibits three
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FIG. 4. (Color online) Vector potential ~A for strained hexag-
onal zig-zag (a) and armchair (b) graphene where ǫ = 13%.
The corresponding pseudo-magnetic field is shown in (c) for
zig-zag and (d) armchair flakes. (e) The pseudo-magnetic
field profile along the x-axis for both armchair (red square)
and zig-zag (blue cricles) flakes. (f) Comparison between the
pseudo-magnetic field at the center of the zig-zag flake ob-
tained from the deformation (red squares), from the electronic
gap between the zero and first pseudo-Landau levels (green
circles) and the prediction from linear elasticity theory given
by Ref. [6](blue triangles).
fold symmetry while for the armchair it shows a more
complex pattern. We also present in Fig. 4(f) a compari-
son between the central pseudo-magnetic fields obtained
directly from the deformation, the field obtained from
the electronic gap between the zeroth and first pseudo-
Landau levels and the prediction from Ref. [6], and that
of resulted using Eq. (1) ,i.e. B = 16C h¯a0 e . A linear regime
is found only for ǫ < 15%, while beyond this value the
pseudo-magnetic field behaves non-linearly with respect
to ǫ. The values obtained from the deformation and elec-
tronic properties are very similar but much smaller than
the prediction of continuum elasticity theory (triangular
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FIG. 5. (Color online) (a) Local density of states in the center
of the hexagon for the A-sublattice and various strains. (b)
Comparison between the central LDOS of the unstrained zig-
zag flake, strained zig-zag flake for both A and B sublattices
and strained armchair flake with strain of 13%. (c) Plot of
the positions of the pseudo-Landau levels versus sgn(n)
√
nB,
where B is extracted from the difference between the position
of the zeroth and first Landau level. Note that the energy is
shifted such that the Dirac point of the unstrained configura-
tion sits at the Fermi level.
symbols in Fig. 4(f)). We attribute this discrepancy to
the change in the lattice structure due to the relaxation
of the graphene sheet. We note that for the same ǫ the
shape of the flake obtained from the MD simulation is
very different from the one obtained from the deforma-
tion defined by Eq. (1).
C. Local density of states
In order to investigate the effect of strain on the elec-
tronic properties, we input the relaxed atomic positions
obtained from our atomistic simulation into a real-space
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FIG. 6. (Color online) Plot of the energies corresponding to
the lower and higher van Hove singularities and the pseudo-
Landau levels, n = ±3,±2,±1, 0, as a function of √ǫ obtained
from the peaks in the LDOS at the center of zig-zag strained
hexagon.
tight-binding model. Our main focus in this work is to
find the LDOS maps, which could be directly accessed by
STM experiments. The LDOS maps are obtained by ex-
panding the Green’s function at each atomic position in
terms of Chebyshev polynomials . The details of this ex-
pansion can be found in our previous works17,25–27. Here
we use both nearest neighbor and next-nearest neighbor
contributions in the tight-binding Hamiltonian in order
to account both for the strain induced vector potential
(nearest neighbor) and the strain induced scalar potential
(next-nearest neighbor).
First, in Fig. 5(a), we show the LDOS for an atom
in the A-sublattice (which are under stress at the three
edges) in the center of the hexagon for various applied
force strengths. Several interesting effects can be ob-
served. Because we also include next-nearest neighbor
hopping amplitudes in the calculation, the Dirac point for
the unstrained hexagon sits at a finite energy, ED = 3 t
′,
where t′ is the next-nearest neighbor hopping amplitude.
We therefore shift all the LDOS curves such that the
Dirac point of the unstrained configuration sits at the
Fermi level. We also observe an additional shift for the
strained configurations because of the exponential sup-
pression in t′, which could be understood in terms of a
strain induced scalar potential, which shifts the Dirac
point downwards in energy3. In addition, the reduction
in the hopping amplitudes shift the van-Hove peaks, sig-
naling also a change in the Fermi velocity. Another im-
portant effect, noted already in Ref. [6], is the appearance
of peaks in the LDOS for the strained zig-zag hexagon.
These correspond to pseudo-Landau levels generated by
the strong pseudo-magnetic field observed in the central
region of the zig-zag hexagon. When compared to the
regular Landau levels generated by real magnetic fields,
one important difference can be seen: we find that the ze-
roth Landau level has a finite contribution to the LDOS
6FIG. 7. (Color online) LDOS maps for a strained zig-zag
hexagon with ǫ = 13%, panels (a)-(d), and for an unstrained
one, panels (e)-(h). Panel (a) corresponds to the zero pseudo-
Landau level, while panels (c) and (d) correspond to the first
and second pseudo-Landau levels, respectively.
only in one sub-lattice, i.e. the sublattice pertaining to
the edge atoms under stress. For the non-zero pseudo-
Landau levels the sublattice symmetry still holds. This
can be seen in Fig. 5(b) where we show the LDOS in the
center of the strained hexagon (with ǫ = 13%) for the
A and B sub-lattice and compare them with the LDOS
for the unstrained zig-zag case and the LDOS in the cen-
ter of the strained armchair hexagon. Since the pseudo-
magnetic field at the center of the armchair hexagon is
small, the LDOS does not show pseudo-Landau levels,
but shows a strain induced shift of both the Dirac point
and the van Hove peaks. The relativistic nature of the
pseudo-Landau levels is clearly apparent from Fig. 5(c),
where we plot the energy of the pseudo-Landau levels
for different strains as a function of sgn(n)
√
nB. Note
that we shift the pseudo-Landau levels such that the
zero-Landau level sits at zero energy. Surprisingly, the
relationship is linear. Note that the pseudo-magnetic
field (also shown in Fig. 4(f)) was extracted from the en-
ergy gap between the zero and first pseudo-Landau levels
by using a constant Fermi velocity and the known rela-
tionship: E1 =
√
2eh¯v2FB ≈ 30meV
√
B(Tesla). Even
though for low strains the pseudo-magnetic field is pro-
portional to ǫ, the suppression of the Fermi velocity (sig-
naled by the shift of the van Hove peaks) will lead to
a non-linear dependence of the energy of the pseudo-
Landau levels on
√
ǫ. This becomes more drastic at
high strains, where the pseudo-magnetic field does not
follow anymore a linear relationship with respect to ǫ
(see Fig. 4(f)). This can be seen more clearly in Fig. 6,
where the energies of the van Hove peaks and of the
pseudo-Landau levels are plotted as a function of
√
ǫ.
FIG. 8. (Color online) LDOS maps for a strained armchair
hexagon with ǫ = 13%, panels (a)-(d), and for an unstrained
one, panels (e)-(h).
Although the spectrum of the unstrained graphene is
not particle-hole symmetric, we fined that in the zig-zag
strained graphene samples the higher-n pseudo-Landau
levels are symmetric with respect to the zeroth pseudo-
Landau level.
Next we show in Fig. 7 the LDOS maps for various
energies for a strained zig-zag hexagon with ǫ = 13%.
The contributions to each sub-lattice are plotted sepa-
rately for clarity. In panels (a)-(d) we show the LDOS
for the strained configuration, while in panels (e)-(h) the
LDOS for the unstrained zig-zag hexagon is shown for
corresponding energies. The energy of the LDOS map in
panel (a) corresponds to the energy of the zero Landau
level. We observe a large increase in the LDOS in sub-
lattice A (which are under stress at the three edges) in
the regions where the pseudo-magnetic field is large, to-
gether with a suppression of the LDOS in sub-lattice B.
This effect shows the most important difference between
pseudo-magnetic fields and real magnetic fields. Since a
gap appears in the spectrum, and the time-reversal sym-
metry is not broken, this is a clear manifestation of a
broken sub-lattice symmetry. If the hexagon would be
pulled from the other three sides, the pseudo-magnetic
field would change sign and the zero pseudo-Landau level
will appear in the other sub-lattice.
The LDOS map shown in Fig. 7(b) corresponds to an
energy close to the Dirac point of the unstrained configu-
ration. The only noticeable contributions come from the
edge-like states, which are again seen only in sub-lattice
A. The energies of the LDOS maps shown in Fig. 7(c)
and 7(d) correspond to the energies of the first and sec-
ond pseudo-Landau levels, respectively. In this case, we
observe that the sub-lattice symmetry is preserved in the
central region of the hexagon. For these energies the real
7and pseudo-Landau levels are similar. Interesting fea-
tures appear also at energies near the van Hove peaks,
for which the LDOS maps show resonant peaks at the
center of the hexagon. At these energies peaks start de-
veloping, while there is no broken sub-lattice symmetry.
It is important to note that the low energy theory which
relates the strain to a pseudo-vector potential is not valid
near the van Hove peaks mainly because the dispersion
is not linear anymore. Movies of the LDOS maps for all
energies are presented as Supplementary Materials30.
Next we show for comparison in Fig. 7(e)-(h) the LDOS
maps for the unstrained zig-zag hexagon. Due to the
symmetries of the system, i.e. π/3 rotational symmetry,
the boundary conditions are such that the wave-function
is zero in sub-lattice A in three non-consecutive sides and
zero in sub-lattice B in the other three sides. At the Dirac
point, panel (e), edge states with zero energy appear and
are located in different sub-lattices on different sides of
the hexagon. For all energies the LDOS map for the A
sub-lattice is the same as the one for the B sub-lattice but
rotated are π/3, as expected due to symmetry arguments.
The LDOS maps for the armchair hexagon are pre-
sented in Fig. 8, both for the strained, panels (a)-(d),
and the unstrained configurations, panels (e)-(h). The
boundary condition now sets the wave-function to zero
in both sub-lattices at all hexagon edges. The main sym-
metry, which is preserved also in the strained configura-
tion is the mirror symmetry plus a sub-lattice exchange
with respect to x = 0. The effect of strain on the LDOS
maps is not so drastic as the one for the zig-zag hexagon.
Besides the overall shift in energy due to the appearance
of the scalar gauge field, the main modifications can be
seen only at the edges of the hexagon where the pseudo-
magnetic field is large. Since the field changes sign, we
see localization of states at the Dirac point in both A and
B sub-lattices.
VI. SUMMARY
In this paper we studied the effect of triaxial stress
on the electronic and structural properties of hexagonal
flakes of graphene with zig-zag and armchair edges. We
combined molecular dynamics simulations to obtain the
relaxed atomic positions and the tight binding method
to describe the electronic properties. We found that lat-
tice deformations under triaxial stress are well described
by continuum elasticity theory only for small strains
(ǫ < 15%) and only in the central part of the sample.
The pseudo gauge field was found to be neither circular
symmetric nor homogeneous in space, i.e. there are mod-
ified triangular orbits for zig-zag flakes and none-orbital
vectors for armchair flakes when the deformed lattice is
fully relaxed. The corresponding pseudo-magnetic field
is non-uniform over the sample and exhibits three fold
symmetry for a zig-zag flake and a more complex vari-
ation for the armchair flake. Only for zig-zag flakes we
find that in the central region the pseudo-magnetic field
is large and while it varies significantly near the edges,
while for the armchair flakes the field is very small in the
center and oscillating near the edges. The local density
of states are completely different at the different sub-
lattices and are mostly affected by the pseudo-magnetic
field distribution. In the zig-zag hexagon the appearance
of pseudo-Landau levels breaks the sub-lattice symmetry
in the zeroth pseudo-Landau level and all relaxed sam-
ples show a shift in the energy levels as compared to the
undeformed case due to the appearance of a strain in-
duced scalar potential resulting from the expansion of
the graphene flake. We find that molecular dynamics re-
laxation changes strongly the pseudo-magnetic field and
the local density of states as compared to the deformed
none-relaxed samples from elasticity theory. The latter
shows that relaxation of the atomistic structure of the
deformed graphene under constraints plays an important
role in the electronic properties and that predictions of
elasticity theory applicable for continuum sheets should
be modified, especially for large strains.
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Appendix A: Effect of lattice relaxation
In this appendix we discuss the important effect of the
atomistic relaxation of nano-scale samples using bond or-
der force field on the electronic properties of the studied
hexagonal graphene flakes. One of the simplest way to
deform the perfect graphene lattice non-uniformly (blue
triangle in Fig. 9) is by using directly Eq. (1) (here the
case of triaxial strain). The boundary of the resulting de-
formation for hexagonal graphene zig-zag flake subjected
to 10% strain is shown in Fig. 9(a), see black square
symbols. The corresponding result obtained when us-
ing the MD relaxation is shown as open red circles in
Fig. 9(a). As obviously from the figure, the MD relax-
ation expands the area of flake, thus one expects longer
C-C bond lengths. In order show the latter effect we
plotted in Fig. 9(b) the histogram of C-C bond lengths
in the central part (|r| <5A˚) of hexagonal flakes for the
two before mentioned methods. The shorter the bond
lengths, the more compact the lattice and the higher the
local stress in the central part will be, which results in
higher pseudo-magnetic field, see blue triangles and red
squares in Fig. 4(f) (see the results for triaxial stressed
unrelaxed hexagonal flake in Ref.14 which are more than
ten times higher than those we report here). In order to
reveal the large difference between the pseudo-magnetic
fields and the consequent effects on the electronic spec-
8trum we depicted in Fig. 9(c) the LDOS for two relaxed
systems by MD method for ǫ = 10%, 22%, a deformed
system with ǫ = 10% (black curve) by using Eq. (1)
and an undeformed hexagonal flake. Here we use only
the nearest-neighbor hopping amplitudes since the only
effect of the next-nearest neighbor term is to shift the
Dirac point. The position of the pseudo-Landau levels
and the shift of the van Hove peaks are not affected by
the change in the next-nearest neighbor hopping. In the
case of an undeformed sample (ordinary hexagonal flake
shown by blue triangles in Fig. 9(a)), we see that there is
no zero energy state at the Dirac point. By deforming the
lattice following Eq. (1) with ǫ = 10% (hexagonal flake
shown by black squares in Fig. 9(a)) pseudo-Landau lev-
els with energy separation proportional to
√
n appear for
both electrons and holes. The MD relaxation changes
significantly the LDOS profiles because of the mentioned
lattice expansion. First, we observe that for the same de-
formation, ǫ = 10%, the gap between the zero and first
pseudo-Landau levels is much smaller, consistent with
a much lower pseudo-magnetic field. We also find that
fewer pseudo-Landau levels can be distinguished, even at
high strains, e.g. ǫ = 22%. This could be a consequence
of the fact that at high strains the pseudo-magnetic field
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FIG. 9. (Color online) (a) The boundary of the deformed lat-
tice using Eq. (1) (black squares), MD relaxed flake (red cir-
cles) and undeformed lattice (blue triangles) for a hexagonal
flake subjected to a strain of 10%. (b) The C-C bond length
histogram in the case of MD relaxation and using Eq. (1)
which is the method used in Ref. [6]. (c) Comparison be-
tween the central LDOS of the unstrained zig-zag flake (blue
curve), strained zig-zag flake for strain 22% (green curve) and
10% (red line) and that obtained by using deformation based
on Eq. (1) (black curve).
FIG. 10. (Color online) The effect of strain on the pseudo-
magnetic field in the central part of the zig-zag hexagonal
graphene flake, |r| < 17 nm.
for the MD relaxed system is not constant, and therefore
the high-n pseudo-Landau levels are smeared out.
Appendix B: Effect of strain on pseudo-magnetic
field
Here we show the effect of strain on the pseudo-
magnetic field for different strains in zig-zag hexagonal
graphene flakes. The larger the strain the larger the
pseudo-magnetic field. In Fig. 10 we show the pseudo-
magnetic field for strains in the range of [2.6%-22.5%] in
the central region, i.e |r| < 17 nm. It is seen that in the
central portion of the zig-zag hexagonal graphene flakes
the pseudo-magnetic field is not constant which is in con-
trast to the continuum elasticity theory prediction [6],
and the result obtains from Eq. (1), B = 16C h¯a0 e .
Appendix C: Alternative methods for applying
stress on the edges
In addition to the method for applying the stress pre-
sented here, one can fix the boundary atoms and shift
them gradually in the direction perpendicular to the
edges. Since the boundary atoms are not allowed to be
9FIG. 11. (Color online) Pseudo-magnetic field in the central
part of the arm-chair (a),(c) and zig-zag (b),(d) hexagonal
graphene flake, |r| < 17 nm where ǫ = 13%. The fields are
obtained either by moving the edges (a),(b) or by applying a
constant force on the edges (c),(d).
relaxed during the simulation, the inter-atomic distances
at the edge remain constant giving high stress at the
corners, which consequently affects the stress distribu-
tion through the system. The latter effect modifies both
the pseudo-magnetic field and the LDOS. We found that
in case of such a fixed boundary condition the pseudo-
magnetic field is higher than the one found from the con-
stant applied force method, as shown in Figs. 11(a-d).
Moreover, the pseudo-magnetic is also more inhomoge-
neous. The recent experimental realization of triaxial
strain in molecular graphene1 confirms that the method
used in the present work is realistic. The constant motion
of the edges was recently used by Z. Qi et al. in order
to study the resonant tunneling in hexagonal graphene22
quantum dots. This should be modified in order to have
the relevant order of magnitude of the pseudo-magnetic
field and consequently the correct position of the Landau
levels.
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